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Instructions 

• Answer all questions in the spaces provided. 

• Write your responses in English. 

• In questions where a numerical answer is required, an exact value must be given unless 

otherwise specified. 

• In questions where more than one mark is available, appropriate working must be shown. 

• Unless otherwise indicated, the diagrams in this book are not drawn to scale. 

 

Question 1 (11 marks) 

Consider function 𝑓(𝑥) = cos3(𝑥). 

a. Show that 𝑓′(𝑥) = 3 sin3(𝑥) − 3 sin(𝑥). 

 

 

 

 

 

 

 

 

 

 

2 marks 

 

b. Hence, find an antiderivative of sin3(𝑥). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3 marks 
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c. Hence, evaluate ∫ sin3(𝑥)  𝑑𝑥
𝜋

4
0

 , expressing your answer in the form 
𝑎−𝑏√𝑐

𝑑
 , where 

𝑎, 𝑏, 𝑐, 𝑑 ∈ ℕ. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3 marks 

 

d. On the set of axes below, sketch the graph of 𝑦 = 𝑓(𝑥)  for 0 ≤ 𝑥 ≤ 2𝜋 , labelling 

coordinates of all axial intercepts, stationary points, and end points. 

 
3 marks 
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Question 2 (4 marks) 

Consider function 𝑓: [0, 2] → ℝ, 𝑓(𝑥) = 2𝑥. The graph of 𝑦 = 𝑓(𝑥) is shown in the diagram 

below. The area bounded by the graph of 𝑦 = 𝑓(𝑥), the 𝑥-axis, the line 𝑥 = 0, and the line 

𝑥 = 2 is shaded. 

 
 

a. Use two trapeziums to approximate the shaded area. 

 

 

 

 

 

 

1 mark 

 

The formula ∫𝑎𝑥  𝑑𝑥 =
𝑎𝑥

log𝑒(𝑎)
+ 𝑐 , where 𝑒  is Euler’s number, 𝑎 ∈ ℝ+ ∖ { } , and 𝑐 ∈ ℝ  is 

given to you. 

 

b. Find the exact value of the shaded area. 

 

 

 

 

 

 

1 mark 
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c. Using answers from parts a and b, deduce 𝑒 < 2√2. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

2 marks 
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Question 3 (7 marks) 

a. Consider equation cos (𝑥 +
𝜋

2
) + 𝑝 =

1

2
, where 𝑝 ∈ ℝ. Find all values of 𝑝 for which the 

equation has exactly two solutions for 0 ≤ 𝑥 ≤ 2𝜋. Express your answer in set notation. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

4 marks 
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b. Consider equation cos(𝑝𝑥) =
1

2
 , where 𝑝 ∈ ℝ+ . Find all values of 𝑝  for which the 

equation has exactly two solutions for 0 ≤ 𝑥 ≤ 2𝜋. Express your answer in set notation. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3 marks  
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Question 4 (18 marks) 

Consider function 𝑓(𝑥) = 𝑎 log𝑒(𝑥) , where 𝑒  is Euler’s number and 𝑎 ∈ ℝ ∖ {0} . The line 

𝑦 = 𝑥 is a tangent to the graph of 𝑦 = 𝑓(𝑥). 

 

a. Show that 𝑎 = 𝑒. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

2 marks 
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Consider functions 𝑓(𝑥) = 𝑒 log𝑒(𝑥)  and 𝑔(𝑥) = 𝑏𝑥2 + 𝑐 , where 𝑏 ∈ ℝ ∖ {0}  and 𝑐 ∈ ℝ . 

The graphs of 𝑦 = 𝑓(𝑥), 𝑦 = 𝑔(𝑥), and 𝑦 = 𝑥 are shown in the diagram below. The line 

𝑦 = 𝑥 is a tangent to both graphs of 𝑦 = 𝑓(𝑥) and 𝑦 = 𝑔(𝑥) at their point of intersection. 

 
 

b. Find the values of 𝑏 and 𝑐. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3 marks 
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Consider function 𝑓: (0,∞) → ℝ, 𝑓(𝑥) = 𝑒 log𝑒(𝑥).  

 

c. Find the inverse function of 𝑓, 𝑓−1. Express your answer in function notation. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3 marks 
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d. Using the inverse function 𝑓−1 or otherwise, find the area of the region bounded by the 

graph of 𝑦 = 𝑓(𝑥), the line 𝑦 = 𝑥, and the 𝑥-axis. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3 marks 
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e. Consider function 𝑝(𝑥) = 𝑒 log𝑒(𝑥) −𝑚𝑥, where 𝑚 ∈ ℝ+.  

i. Find the coordinates of the stationary point on the graph of 𝑦 = 𝑝(𝑥) in terms of 𝑚, 

and show that the stationary point is a local maximum. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

4 marks 
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ii. Hence or otherwise, find the set of values of 𝑚 for which the equation 

𝑒 log𝑒(𝑥) = 𝑚𝑥 has exactly two distinct real solutions. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3 marks 

 

 

 

 

 

 

 

 

 

 

 

 

 

END OF QUESTION AND ANSWER BOOK 


